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D I Abstract 



We construct the effective action of certain exotic branes in the 



Type II theories which are not predicted by their spacetime super- 
rS I symmetry algebras. We analyze in detail the case of the NS-7B brane, 

' S-dual to the D7-brane, and connected by T-duality to other exotic 

branes in Type IIA: the KK-6A brane and the KK-8A brane (obtained 
by reduction of the M-theory Kaluza-Klein monopole and M9-brane, 
respectively). The NS-7B brane carries charge with respect to the 
S-dual of the RR 8-form, which we identify as a non-local combina- 
tion of the electric-magnetic duals of the axion and the dilaton. The 
study of its effective action agrees with previous results in the litera- 
ture showing that it transforms as an SL{2, Z) triplet together with 
the D7-brane. We discuss why this brane is not predicted by the 
Type IIB spacetime supersymmetry algebra. In particular we show 
that the modular transformation relating the D7 and NS-7B brane 
solutions can be undone by a simple coordinate transformation in the 
two dimensional transverse space, equivalent to choosing a different 
region to parametrize the SL{2, Z) moduli space. We discuss a similar 
relation between the D6 and KK-6A branes and the D8 and KK-8A 
branes. 
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1 Introduction 



It is by now well-known that the BPS spectra of the Type II and M- theories 
can be obtained by analyzing the central charges that occur in the corre- 
sponding supersymmetry algebra |l|, §]. This analysis predicts a 0-brane (the 
eleven dimensional pp-wave), a 2-brane, a 5-brane, a 6-brane (the Kaluza- 
Klein monopole) and a 9-brane in M-theory. These branes give rise to the 
brane-scan of the Type IIA theory, namely the 0-brane, the fundamental 
string, the NS-5A brane, Dp-branes with p even, p = 0, . . . , 8, the Kaluza- 
Klein monopole (or KK-5A brane) and the NS-9A brane. All these branes 
are predicted as well by the Type IIA supersymmetry algebra and other than 
the NS-9A brane have been extensively studied in the literature. The NS-9A 
brane is a spacetime-filling brane which may play a role in the construction of 
the Heterotic string as a non-perturbative orientifold of the Type IIA theory 
(see for some results in this direction). 

From the Type IIA brane-scan, via T-duality, one obtains the brane-scan 
of the Type IIB theory, also predicted by its spacetime supersymmetry alge- 
bra. It consists on the 0-brane, the fundamental string, the NS-5B brane, Dp- 
branes with p odd, p = —1,1,.. .,9, the Kaluza-Klein monopole (or KK-5B 
brane) and the NS-9B brane. These branes occur as multiplets of the SL(2,Z) 
symmetry of the theory. Namely the (F1,D1), (NS5B,D5) and (NS9B,D9) 
branes occur as doublets and the D3-brane, D7-brane and KK-monopole as 
singlets. The D9-brane and NS-9B brane are spacetime-filling branes which 
are charged with respect to the RR 10-form and its S-dual, a NS-NS 10- 
form 1^, respectively. It is well-known that D9-branes play a role in the 
construction of the Type I theory as an orientifold of Type IIB. Similarly, 
it was argued in p, ^ that NS-9B branes play a role in the construction of 
the Heterotic SO (32) theory as a non-perturbative orientifold of Type IIB. 
In this case 32 NS-9B branes cancel the charge of the orientifold fixed plane 
associated to the S-dual operation of worldsheet parity reversal. 

It has been pointed out however that there exist some brane solutions 
in the Type IIA and Type IIB theories which are not predicted by their 
spacetime supersymmetry algebras. These branes have been encountered 
in different contexts. On the one hand they are required in order to fill 
up multiplets of BPS states in representations of the U-duality group of 
M-theory on a d-torus 0, |], ^. On the other hand they are predicted 
by duality from branes that do occur as central charges in the spacetime 
supersymmetry algebras. 

In particular it is well-known that the Kaluza-Klein monopole of M-theory 
gives rise to the D6-brane after dimensional reduction along its Taub-NUT 
direction and to the Type IIA KK-monopole after double dimensional reduc- 
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tion. The third possibihty, reducing along a transverse direction different 
from the Taub-NUT direction, gives rise to a 6-brane in the Type IIA theory 
which contains as well a Taub-NUT fiber direction |^ (we will denote it as 
a KK-6A brane) but which is not predicted by the Type IIA spacetime su- 
persymmetry algebra. The corresponding supergravity solution is described 
by a harmonic function on x and therefore is logarithmically divergent 
0. This fact was indicated as an explanation for its non-occurrence in the 
Type IIA spacetime supersymmetry algebra given that these algebras are 
realized as asymptotic symmetries, with fiat asymptotic metric. However it 
is still striking that the D7-brane, being as well logarithmically divergent, or 
the D8-brane, linearly divergent, have associated central charges in the Type 
IIB and Type IIA spacetime supersymmetry algebras. 

A second brane in the Type IIA theory not predicted either by its space- 
time supersymmetry algebra occurs when double dimensionally reducing the 
M9-brane. A single M9-brane has associated a Killing direction which is 
interpreted as a worldvolume direction, and which appears gauged in the ef- 



fective action |T0|, |TT|- Reduction along this direction gives the D8-brane. 
On the other hand, reducing along the transverse direction we obtain the 
NS-9A brane mentioned previously, which contains a gauged direction also 
interpreted as a worldvolume direction. The third possibility consists in re- 
ducing along a worldvolume direction, different from the Killing direction. 
This predicts a new 8-brane in the Type IIA theory with a gauged direction 
in its worldvolume, which we denote as a KK-8A brane. 

The KK-6A and KK-8A branes are related by T-duality to a new 7- 
brane in Type IIB (see figure 0) which is also predicted by the S-duality 
symmetry of the theory [0, |11|]. Performing an S-duality transformation in 
the worldvolume effective action of a Dp-brane in Type IIB: 



S = I rfP+iee-Vldet(^? + (27r«0^)|, (l-l) 



with = 2db+ 2;^S(2) and 5^2) the (pullback of the) NS-NS 2-form, we 
obtain a p-brane with effective action 



5 = y'dP+iee-("^)^l + e2'^(C(°))2) 



p-3 
4 



|det(,+ , n 



y^l + e2^(C(o))2 



(1.2) 

where T = 2dc^^^ + ^C^^\ C^^) is the (pullback of the) RR 2-form and 
b —c^^^ under S-duality. For p = 1 ( |1.2|) reduces to the Nambu-Goto 
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action of the F-string after dualizing the 1-form c*^^-* into a constant scalaiQ. 
For p = 3 it does not describe a new 3-brane since worldvolume duahty of 
c'-^-* yields the effective action of the D3-brane, showing that this brane is 
invariant under S-duality [|1^. For p = 5, 9 we obtain the kinetic terms of 
the NS-5B and NS-9B brane effective actions^, which form doublets with the 
D5 and D9 branes respectively. However, for p = 7 it describes a 7-brane 
which is not predicted by the Type IIB spacetime supersymmetry algebra 
and which we will denote as a NS-7B brane. This brane cannot be related 
to the D7-brane by worldvolume duality. The corresponding supergravity 
solution, as well as its connections via T-duality with the KK-6A and KK- 
8A branes in Type IIA, has been studied in ||12|. In this reference it is also 
shown that the NS-7B brane can be cast into a triplet of SL{2,'Z) together 
with the D7-brane. The third charge is the magnetic dilaton charge carried 
by the 7-brane, and is related to the other two charges upon quantization. 
Therefore a generic 7-brane can be consistently denoted by two integers. The 
values of these integers are further restricted by the characterization of the 
7-branes by their monodromy matrices or, equivalently, by the type of strings 
that can end on them |jT5| . 

It is the purpose of this paper to study in some more detail these "exotic" 
branes in the Type IIA and Type IIB theories which are not predicted by 
their spacetime supersymmetry algebras, but are however needed in order to 
fill up the multiplets of BPS states predicted by the Ej{z), Esl^) U-duality 
groups of M-theory on T'', |^, |, ^. All the exotic branes that we 

analyze share the property that the tension scales with 1/gg, with Qs the 
string coupling constant, so that they are non-perturbative, i.e. they do not 
have an obvious interpretation in weakly coupled string theory. 

We construct the worldvolume effective actions by means of duality trans- 
formations on ordinary branes. We mainly focus on the NS-7B brane, and 
we see from its worldvolume effective action that it does not form a doublet 
with the D7-brane. We identify the 8-form to which this brane is minimally 
coupled as a non-local combination of the electric-magnetic duals of the ax- 
ion and the dilaton. This potential needs to be introduced in order to study 
the behavior of the D7-brane under S-duality. Its field strength however is 
a local combination of the 9-form field strengths associated to the duals of 
the axion and dilaton, so that a dual Type IIB supergravity, written as a 
function of the dual 9-form field strengths, will not depend on it [l^. At 
the level of the solutions we see that the D7 and NS-7B branes are related 
by a modular transformation, but that this transformation can be undone 



""^The value of this scalar fixes the number of F-strings after quantization. 
^See and [||, respectively. 
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Figure 1: Exotic branes and T-duality. In this figure we show the relation 
under T-duahty of the different branes considered in this article . We also include 
the 5-branes and Kaluza-KIein monopoles for comparison of these relations, as 
well as the M-theory origin of the type IIA branes. With respect to the type IIA 
branes, we indicate a T-duality along a worldvolume direction by a solid line, a 
T-duality along a Killing direction with a dashed line, and a T-duality along a 
transverse direction with a dotted line. 



by a change of coordinates in the transverse space. This means that both 
branes represent the same physical object in different coordinate systems, 
and therefore should not have associated independent central charges in the 
Type JIB spacetime supersymmetry algebra. The same kind of transforma- 
tion identifies the KK-6A brane with the D6 brane, and the KK-8A brane 
with the D8-brane. This also explains why the KK-6A and KK-8A branes 
do not appear in the Type IIA spacetime supersymmetry algebra. 

The paper is organized as follows. In the first four sections we present 
the effective actions of the exotic branes that we have discussed. We start 
with the KK-6A brane, which is simply obtained by reducing the M-theory 
Kaluza-Klein monopole. The NS-7B brane is constructed by T-duality from 
the KK-6A brane. We see that it is related by S-duality to the D7-brane, 
where in this duality transformation the RR 8-form is mapped onto another 
8-form which is defined as the T-dual of the gravitational field with respect 
to which the KK-6A brane is charged. We discuss the role played by this 
field within the Type IIB theory and discuss some properties of the solutions, 
in particular we show that the D7 and NS-7B brane solutions correspond to 
local versions of the weak and strong coupling limits of the non-perturbative 
solution of [18 1 . In section 4 we construct the effective action of the KK-8A 
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brane and discuss its interpretation within a non-covariant massive Type IIA 
supergravity. In section 5 we give an example of an exotic brane with two 
gauged isometrics which also has a tension T ~ l/gff and is related to the 
other exotic branes by T-duality. This brane is predicted by U-duality of M- 
theory on and should play a role in the description of eight dimensional 
massive supergravity. For all these branes we give an analysis of the brane 
solitons originated by the boundaries of other branes. Finally in section 6 
we show that a Kaluza-Klein monopole in M-theory with an extra isomet- 
ric direction can be written as a torus bundle over a two-dimensional base 
space, and that a modular transformation in the torus can be undone by a 
simple coordinate transformation in the base space. This allows to establish 
an equivalence between the branes that can be derived from the M-theory 
Kaluza-Klein monopole after reduction and T-duality, in particular between 
the D6 and the KK-6A branes and the D7 and the NS-7B branes. We also 
discuss the relation between the KK-8A brane and the D8-brane, using the 
same construction. Finally, we comment on the origin of this equivalence 
from the point of view of the M9-brane. 

2 The IIA KK6-brane 

This brane is obtained by reducing the M-theory KK-monopole effective ac- 
tion along a transverse coordinate. In the notation of |^ it corresponds to 
the (6, 1^; 3) brane^ predicted by U-duality of M-theory on T^. In this section 
we construct its worldvolume effective action and leave for Section 6 and the 
Conclusions the discussion about its role within the Type IIA theory. 

The action of the M-KK-monopole was constructed in ^ and it is 
given by: 

Smkk = -fuKKld'^ \k\^^\det{D,X^D,X-gf,, + /2|A;|-iJ^,,)l 

(2.1) 

+ 7! ^MKK / d7^ e*^-*^ ^ill.ir ) 

with0: 

T = 2duj^^^ +l;^dX^dX''{tf^C)f,o, (2.2) 

^In the notation of Q the first entry gives the number of ordinary spatial directions, 
the entries of the form m" indicate that there are m spatial directions which are gauged 
in the effective action and whose radii have nth power. Finally the last entry gives the 
power of the inverse of the string coupling constant. 

'^ij^P denotes the interior product of a field P with the Killing vector. 
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and: 



m = l[d(u'^^-\l-\i^,N)+?,{r^t)T 

-5lfDX^DX''DX^Cf,opiikC)iikC) - SODX^DX'^DX^Cf.opiikQdiu^^^ 
-milDX^DX^ DXPC f.^pdCj^^^dCj'^^^ - W^AdCj'^^^ dCj^^^ dCj^^^] . 

(2.3) 

This action reflects the fact that the Taub-NUT space of the monopole is 
isometric in its Taub-NUT direction, so that the transverse space is effectively 
three dimensional. The extra degree of freedom is eliminated by imposing a 
Killing isometry in the Taub-NUT direction: 

^X'^ = -ffWp^ (2.4) 
which is gauged through the introduction of the dependent gauge field A 0: 

A=\k\-'^dX^kf,, (2.5) 
such that kf^DX'^ = 0, with DX'^ the covariant derivative: 

DX^ = dX^ + Ak^ . (2.6) 

See [l^, ^ for more details. C is the 3-form field of eleven dimensional 

supergravity, C its electric-magnetic dual and N is the dual of the Killing 
vector kfi considered as a 1-form. It is therefore a gravitational field. The 
presence of covariant derivatives and contractions with the Killing vector 
assures invariance under local isometric transformations: 5X^ = —a^'^\^)k'^. 
The field content is then that of the seven dimensional vector multiplet, 
involving 3 scalars and 1 vector. The gauge transformations of the target 



space and worldvolume fields involved in the action can be found in ||2CI|| . 

In order to obtain the KK-6A brane effective action we perform a direct 
dimensional reduction along a coordinate y different from the Taub-NUT 
direction. Accordingly, the transverse space of the KK-6A brane still con- 
tains an isometric Taub-NUT direction, which remains gauged in the action 
after the reduction. The field content is again that of the seven dimensional 
vector multiplet, taking into account the additional scalar coming from the 
reduction. 



'In our notation |A;p = —k'^k^gfip. 
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The background fields reduce as follows: 



(2.7) 

A^'^''^ is the electric-magnetic dual of the Killing vector k^, ikN^'^'^ being the 
field to which the IIA KK-monopole couples minimally [Q. Its gauge trans- 
formation rule can be found in that reference. The field A^^*-* comes from 
the reduction of A^, electric-magnetic dual of and must be dual to the 
modulus of the Killing vector (see the Conclusions for a discussion on this 
point). Its gauge transformation rule can be found in the Appendix. Both 
fields are therefore purely gravitational. C*^^^ denotes a p-form RR field, i?'-^^ 
the NS-NS 2-form and S^^) its electric -magnetic dual. The notation for their 
gauge transformation rules is that of |T^. 
We also have: 



where: 



^ = A-(2W) ,„4:^^^gi,. gw 

= 29rf« + 2^(*fcC(3))-2(zfc5(2))5c' 



(2i 



(0) 



(2.9) 



and: 



.(0) 



y/(2W), d^^^=Cj^^K (2.10) 
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The result for the dimensionally reduced action is: 



+ |f(2W)TKK6A/rf'e e^^-^^4'.U , 

(2.11) 

where 7kK6A = ^mkk and /C^^^ is given by: 

-15(2W)(ifcC(5))ac(o)7i(2) + 30(27rQ;OC^'n^fe^^'^)^cW7i(2) 
+45(2W)(zfeC(3))5(2)5cW7i(2) _ _A_c(3)(i,C'(3))2 
+20C(3)(ifcC(3))(i,s(2))9c(°) - 30(2W)C(3)?i(2) 9(^(1) 
-15^(2) ac(o)(ifcC(3))2 _ 90(2W)2s(2)ac(o)7i(2)ad(i) 

(2.12) 

The covariant derivative is defined as: 

DX^" ^ dX^" + Ak^ (2.13) 



with A given by: 

A=\k\'^dX''k^. (2.14) 
Finally, the efi^ective tension of this brane is given by: 

where Rk is the radius of the compact direction associated to the Taub-NUT 
isometry and Is is the string length. 

We find that the worldvolume field content is that of the seven dimen- 
sional vector multiplet, namely a scalar vector d'^^^ and a 6-form cu^^^ 
playing the role of tension of the brane. These fields can be given an inter- 
pretation in terms of solitons in the brane. In general, worldvolume fields 
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coupled to a given brane effective action describe soliton solutions in its 
worldvolume. For branes with a Killing direction, the worldvolume fields 
enter in the field strengths as: 

K^P^ = + -}—U^C^P+i)^ + . . . , (2.16) 

iTia' 

from where we can conclude that cu*^^^^-' couples to a — 2)-brane soliton 
describing the boundary of a p-brane ending on the monopole, with one of its 
worldvolume directions wrapped around the Killing direction |]I4[. Therefore 
c'-''-' must couple to a 4-brane soliton (through its worldvolume dual), S-^'> 
to a 0-brane and a 3-brane solitons, and cu^^-* to a domain-wall soliton. The 
corresponding configurations of branes ending on the KK-6A brane can be 
associated to some of the intersections of the KK-6A brane with other Type 



IIA branes. These were classified in [211. We find 



The intersections (0|D2,KK6A) and (0|F1,KK6A) are associated to a 
0-brane soliton coupled to These configurations are obtained from 
the intersection (0|M2,MKK) in M-theory. 

(3|D4, KK6A) and (3|NS5A, KK6A) are associated to a 3-brane soliton 
coupled magnetically to d^^\ They are obtained from the configuration 
(3|M5,MKK). 

(5|NS5A, KK6A) represents a NS-5A brane embedded in the KK-6A 
and it is associated to a domain- wall soliton which couples to uj^^\ It 
is obtained from the configuration (5|M5,MKK). 

Further, we find three configurations that can give rise to a 4-brane 
soliton. The cases (4|KK6A, KK6A)" and (4|KK5A, KK6A)'' couple 
magnetically to the embedding scalars and (4|D6, KK6A) couples mag- 
netically to the form c'^'^\ The index a (b) indicates that the isometrics 
of both objects lie in the same (a different) direction. These configu- 
rations are obtained from the configurations (4|MKK, MKK)"''' in M- 
theory through reduction along a transverse direction [pT[|. 



3 The IIB NS-7 brane 

As we have mentioned in the Introduction, the NS-7B brane can be obtained 
by T-duality from the KK-6A brane. The T-duality transformation takes 
place along the Taub-NUT direction of the KK-6A brane and the result is 
the double dimensional reduction of the NS-7B brane. This brane plays a 
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role in the construction of the massive nine dimensional Type II supergravity 
of |jl2|, which is manifestly invariant under SL{2,R). This theory contains 
three mass parameters, only two of which are independent upon quantization, 
and they have their origin in the presence of D7 and NS-7B branes in the 
background. Also, as we discuss in the end of this section, the orientifold 
constructions of the Type IIB theory on describing certain branches of 
F-theory on K3 require the introduction of NS-7B spacetime filling branes to 
cancel the charge of the orientifold fixed planes at strong coupling. 



3.1 The NS-7B Brane Effective Action 

In this section we construct the worldvolume effective action of the NS-7B 
brane by performing a T-duality on the KK-6A brane effective action. In 
the next subsections we show that it is connected to the D7-brane by an 
S-duality transformation and discuss in some extent the role that this brane 
plays within the Type IIB theory. 

The result of a T-duality transformation in the effective action of the KK- 
6A brane along its Taub-NUT direction is the (double dimensional reduction 
of the) action: 

(3.1) 

where T^si is such that Tns7 / = ^kk6A and Q^^^ is given by: 



+ 55(2)(^(2))2_^_17!_J_5(2)(^(2))3}_ 

(3.2) 

The T-duality transformation rules of the background fields that couple 
to the KK-6A brane can be found for instance in [|^, whereas the trans- 
formation rule of the gravitational field N^^^ has to be worked out, with the 
result that it transforms as: 
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+35Cf;j...,3,C(l(C(t] + 4^Ci:5j (3.3) 

This defines a new field C^^^ in Type IIB, which as we will discuss below is 
the S-dual of the RR 8-form. 

The worldvolume fields transform as follows: 



so that: 



with: 



c(o)' = -cSi), rf(i)' = -c(i) (3.4) 



^(1)/ _ _-f- -1/(2)' _ _-f- _ r, 9[iz ^ 

9zz 



f = 25c(^) + ^C(2) (3.6) 

the field strength associated to the RR 2-form. The tensions transform simply 
as: 

, ,(6)/ ^ 47) ,o 7^ 

From (|3.2| ) we see that the NS-7B brane is minimally coupled to the field 
arising from the T-duality transformation (p.3| ). The interpretation of 
this new field in the IIB theory is discussed in the next subsection. ( p.l|) and 
( |3.2| ) also identify the strings that can end on the brane as D-strings, so that 
this brane corresponds to the (0,1) 7-brane in the notation of ||15|| . 

Before comparing with the D7-brane effective action let us analyze the 
possible soliton solutions that can occur in the worldvolume of this brane. Its 
worldvolume field content consists on c^^-* and (P\ playing the role of tension 
of the brane, as well as the embedding scalars. They couple to the soliton 
configurations: 

• (0|D1, NS7B) gives a 0-brane soliton coupled to c^^\ It is related to the 
configuration (0|D2,KK6A) by T-duality. 

• (4|D5, NS7B) gives a 4-brane soliton coupled magnetically to c^^\ It is 
related by T-duality to (4|D6,KK6A). 
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(5|NS7B,NS7B) and (5|KK5B, NS7B) give a 5-brane soliton magneti- 
cally coupled to the embedding scalars. They are related by T-duality 
to (4|KK6A, KK6A)", and (4|KK5A, KK6A)^ (5|NS5A, KK6A) respec- 
tively. 

Note that the presence of c^'^'^ as a dynamical tension is not entirely 
justified. The existence of such a dynamical tension implies that the 



NS-7B brane can be open ||22|, hence the NS-7B (and by S-duality, 
the D7-brane) would have boundaries. However, this would not define 
consistently the monodromies associated to these 7-branes. 

3.2 D7-branes, NS7-branes and S-duality 

The effective action that we have found for the NS-7B brane is related by 
S-duality to the effective action of the D7-brane. 

^D7 = -Tm I d'^ {e-V|det(^7 + (2vraO^)| + , (3.8) 

with = 2db+ 2^5(2) and g^^^ given by: 

^(8) ^ |85c(7) + _J_,C'(8)- 11^(6)^+ 5(2W)C'(4)^2 

-||(27ra')'C^^')-^' + |5(27ra')'C'W^^ 

(3.9) 

yields (3J.) after an S-duality transformation: 

C(^) ^ 5(2)^ 5(2) ^ -^(2), (3.10) 

C(4) ^ , 
C(8) ^ .c'Cs) , 
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together with: 



,(1) ^ 5, ^ c(^) 



(3.11) 



for the worldvolume fields. 

One can check as well that the soliton configurations that we have found 
for the NS-7B brane are mapped under S-duality to the usual intersections 
involving the D7-brane. 

The transformation rules for C^^^ and C**-^-* in ( p.lO| ) show that the D7 
and NS-7B branes do not form a doublet under S-duality. They imply in 
particular that after two S-duality transformations each WZ term is mapped 
onto itself, whereas for doublets S"^ = —1. This observation from the world- 
volume effective actions is in agreement with the results of [|r^, where it is 
shown that Type IIB 7-branes transform as triplets under SL(2,Z). We now 
elaborate on this point. 

Consider the conserved currents (in Einstein frame) associated to the RR 
scalar and dilaton of the Type IIB theory: 

jW = e2^d|A|2. (3.12) 

Here A = (7^°) + ie''*' is the axion-dilaton modulus. These currents define the 
electric-magnetic duals of the RR scalar and dilaton, namely the fields C^^\ 
to which the D7-brane couples minimally, and a certain 8-form B^^\ which 
in principle could be associated to another 7-brane in the theory. There is a 



third conserved current 12 which can be obtained as a combination of the 



previous two with non-constant coefficients: 

j = -C(°)jW + |A|2j(o), (3.13) 

to which we can associate as well a dual field. The transformation rules of 
these currents under the S and T generators of the SL{2,Z) group are [O: 



,■(0) 



;(o) 



,■(0) 



(3.14) 



;(o) 
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The transformations of j^^^ and j under S suggest that the 8- form associated 
to j should be the S-transformed of C^^\ namely C^^\ Indeed, with this 
identification the S-duality transformations of the 8-forms become: 

C(8) , _,^(8) 

S: ^(8) ^ -C(8) (3.15) 

5(8) ^ _5(8)^ 

which agree with the transformation rules for C^^^ and C^^^ in (PTTUI). We 



see that a 7-brane magnetically coupled to the dilaton would transform as a 
singlet under S-duality, and that the 8-forms C^^^ and C^^^ do not transform 
as a doublet. In fact, the 8-forms transform as a triplet under S-duality, and 
in general, under the SL{2,Z) symmetry group: 




= o7.(8) of8) ^MA-' , VA G 5L(2, Z) . (3.16) 



The field C^^^ becomes necessary when we try to map C^^^ onto a local 
field under S-duahty, but of course the three 8-forms are not independent, 
since they are related through (|3.13|), which in terms of 8-forms reads: 



^Ci^) ^ + |A|2rfC(«) . (3.17) 

Therefore C^^^ is not interpreted as an independent field in the theory. A 
dual Type IIB supergravity, written as a function of the dual potentials, will 
depend only on two of the three 9-form field strengths^, which is consistent 
with the results of and [|T^ ]. This relation only becomes local for constant 



axion-dilaton modulus: 



C'(8) = _^(0)5(8)_^|^|2^(8)_ (3^18) 



In order to clarify further the role of this three 8-form potentials let us 
consider the solution representing a single D7-brane located at the origin of 



the transverse space |]T2|, p3| (in string frame): 



^As explained in |16 this formulation will depend as well on the original fields through 
the Chern-Simons forms in the definition of the curvatures. 

^In this last reference three different 9-form field strengths appear in the formulation of 
Type IIB supergravity in terms of original and dual fields due to the fact that the action 
is manifestly SU(1,1) invariant with the U(l) invariance not being fixed. 
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ds"^ = H-^/^dslj- H^/^dtodiu, 

(3.19) 

where the harmonic function is given by if = — 2^ log with u = X2 + ixi, 
and Xi,X2 the two transverse coordinates. The RR charge of this brane can 
be computed as: 

p= <f *dC^^^ (3.20) 

where 7 is a circle around the origin in the transverse space. A 7-brane with 
a non-vanishing value for the dilaton carries as well magnetic dilaton charge, 
which is computed as: 



'dB^^^ . (3.21) 
Moreover, through ( |3.17| ) it also carries C'-^-'-charge: 



q= <t> *d&^^ = f (-C(°) + |A|2 *dC^'^^). (3.22) 

The values of the three charges can be computed with the only input of the 
axion-dilaton modulus associated to the solution. The quantization of the 
charges is obtained by imposing that e*^ with 



Q=[ n ^ (3.23) 




belongs to SL{2,Z). Imposing this condition it is possible to see that the 
three charges can be obtained from only two independent integers (see Section 
5.1 in [|l^) whose values specify uniquely the 7-brane charges. It also implies 
that it is not possible to have a solution with vanishing p and q charges and 
non-vanishing s, which is consistent with the fact that a 7-brane carrying only 
magnetic dilaton charge cannot exist, given that ( lOTD vanishes for C^^^ = 0. 



Taking into account that 7-branes with the same monodromy matrix are 
equivalent, the charge matrix is further restricted to have the form |TH]: 




VAg5L(2,Z). (3.24) 

If we compute the values of the charges carried by the D7-brane solution 
above: 
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q = /^e2<^(-CW(i|A|2 + lAprfCW), (3.25) 

we find that p = s = 47r^(logr)~^ and q = l—p/3, where we have parametrized 
Lu = re*^ . Therefore asymptotically p and s vanish whereas the q charge tends 
to a constant value0. This is consistent with the fact that asymptotically the 
string coupling constant vanishes so that we are in a weak coupling regime, 
in which C^^^ is not well-defined. In the strong coupling limit the solution 
that makes sense is the S-dual of the D7-brane solution above, which has the 
following form | T^ : 



= {H'' + 9y{2nyy^^[H-y^dsl^-H^/^dudu], 

(3.26) 

A = — 27ri/ logo; . 

Here the harmonic function is given hy H = — 2^1og|u;|, as before. This 
solution carries as well {p, q, s) charges, which in the Einstein frame take the 
values: q = s = — 47r^(logr)~^, p = —(1 + q/3), i.e. they are related to the 
charges of the D7-brane solution by the S-duality transformation in ( |3.14[ ). 
In this case it is the p charge the one that has a constant value at infinity, 
whereas q = s = 0. 

Let us now clarify the relation between the D7 and NS-7B brane solutions 
that we have just considered and the finite energy 7-brane solution of ||18||p|. 



In order to construct a finite energy 7-brane solution, where the modulus A 
depends holomorphically on the transverse space, it is crucial to allow A to 



have an ambiguity under SL{2, z) transformations ||T8|, Then the solution 
is constructed in such a way that the axion-dilaton modulus parametrizes the 
fundamental region of SL{2,Z), therefore all choices related by an SL[2,Z) 
transformation have been identified, and there is a one to one mapping from 
the fundamental region of SL{2, Z) and the complex plane. This is achieved 
by fulfilling the condition dX{uj,ui) = 0, derived from the equations of motion, 
implicitly through the elliptic modular function: 

J(AH) = - (3.27) 

iO 

®In strine; frame p = s = 1 and o = — ^ H — i-. However the Einstein frame is more 
useful in order to study the S-duahty properties of the solution. 
^ We will take however the conventions in lE3 . 
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with j given by: 



,M^<^J«^±f^;±^. (3.28) 

instead of simply taking A as a function of cj. 6i are the Jacobi ^^-functions 
and 7] is the Dedekind rj function: 

oo 

v{t) = q'/'' Ylil - , q = e'-'-. (3.29) 

n=l 

The metric associated to this solution has a deficit angle of 7r/6 near a; = 0, 
so that taking precisely 24 7-branes the plane is curled up into a 2-sphere and 
one ends up with a compact manifold. This compactification can equivalently 
be described as an elliptically fibered K3, with S"^ the base of the fiber and 
A the T parameter of the fiber torus. This defines F-theory compactified on 
K3, and the 24 7-branes are commonly referred to as F-theory 7-branes . 



Close to cij = j has a pole, which must correspond to g = 0, i.e. ImX 
oo, in the left hand side of (|3.27|) . Near g = j(A) takes the form: 



j(A)~e-2-\ (3.30) 
so that we can determine the precise form of \{uj): 

A = ^log.. (3.31) 

This is the axion-dilaton modulus of the D7-brane solution ( p.l9| ). 

In order to study the form of the solution at strong coupling we use that 
j(— 1/r) = j(r) and consider the limit |r| ~ 0, so that close to u = j(A) 
behaves as: 

j(A)~e2-/\ (3.32) 
for A 0. Therefore near = we have: 

2TTi 

X = - , (3.33) 

logu; 

which corresponds to the NS-7B brane solution (|3.26|) . Therefore the D7 and 
NS-7B brane solutions are just the weak and strong coupling limits of the 



non-perturbative 7-brane solution of |18|. We will give further evidence in 



Section 6 for the fact that they represent the same physical object but in 
different coordinates patches, where changing the patch amounts to choosing 
a different region to parametrize the SL{2, Z) moduli space. 
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From the point of view of the low energy effective actions we can conclude 
that the introduction of three 8-form potentials is necessary when we want 
to study the transformation of the D7-brane under SL{2,Z), in particular 
when trying to map the C^^-* field onto a local potential. The NS-7B brane 
effective action that we have constructed should be interpreted as the source 
for a 7-brane at strong coupling, where the C*^^^ field becomes C^^\ which is 
non-local in terms of C^^^ and B^^\ Moreover, although B^^^ has a meaning 
as the electric-magnetic dual of the dilaton, C^^^ cannot be considered as an 
independent field in the Type JIB theory (contributing with one unit to the 
counting of the bosonic degrees of freedom) given that it is a function of the 
other 8-forms. This gives already an indication that the NS-7B brane should 
not have associated a central charge in the Type IIB spacetime supersym- 
metry algebra. We give further evidence to this suggestion in section |^, by 
showing that the two solutions are related by a coordinate transformation in 
the transverse space which is equivalent to changing the fundamental region 
of SL(2, Z) by its S-dual. Similar observations will also apply for the KK-6A 
and KK-8A branes related to the NS-7B brane by T-duality. 



3.3 NS-7B Branes and Orientifold Constructions 

There are particular limits of F-theory on K3 for which A remains constant 
over the base. In these limits K3 degenerates into a certain orbifold of T^, 
which can be made equivalent to an orientifold of Type IIB on T^. The most 
clear case is that of F-theory on T^/Z2 [^. Sen showed that in this branch 
F-theory is equivalent to Type IIB on modded out by the symmetry 
(— l)^ifiJ89, where F[ is the spacetime fermion number of the left-movers, Q 
is the worldsheet parity reversal and Igg is the spacetime inversion in the two 
directions of the torus. In this Type IIB orientifold there are 4 fixed-planes 
whose charge is cancelled by the addition of 4 D7-branes (plus their mirrors). 
Open strings ending on these 7-branes provide SO (8)^ Chan-Paton factors, 
and this gauge structure coincides with the gauge symmetry of F-theory on 
T^/Z2. Therefore in this particular branch it is possible to give a description 
of the gauge structure of the theory in terms of BPS states in weakly coupled 
Type IIB string theory. 

The situation is not so simple in other branches, where the symmetry 
by which one has to mod out in the Type IIB description involves non- 
perturbative operations |2^. This is what happens in F-theory on T^/Z4, 
realized as an orientifold of Type IIB on modded by the Z4 group generated 
by SR^^\ where S is the S-duality generator and R^^^ rotates 7r/2 in the 8,9 
plane. Another case is F-theory on T^/Zg, which corresponds to Type IIB on 
T^/Zg, where the group is generated by {ST)R^^\ where T is the T-generator 
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of SL(2, Z) and R^^^ rotates 7r/3 in the 8,9 plane. In these hmits of F-theory 
the orientifold fixed planes in the Type JIB description are non-perturbative 
and they require the addition of non-perturbative 7-branes. The analysis of 
the singularities on the F-theory side reveals that on the T^/Z4 branch the 
gauge structure is E-j x x 5*0(8), and in T'^/Zg, Eg x Eq x 50(8). 

The Type IIB BPS states responsible for the gauge symmetries of these 
branches have been identified in ||2^ , as well as the way the An gauge groups, 
associated to n coinciding branes, are enhanced so as to recover the gauge 
group associated to the singularity structure (see also pOf). These BPS states 
correspond to three different types of non-perturbative 7-branes, denoted as 
A, B, C, such that for a Dn singularity there are A^BC 7-branes located at 
the singularity, and A^~^BC^ for a En singularity. At weak coupling the 
BC 7-branes collapse to an orientifold plane O |^ and the gauge group that 
emerges is the full S0{2n) for a Dn singularity and a subgroup 50(2(r;,— 1)) x 
f/(l) for a En, which can be associated to Chan-Paton factors of fundamental 
strings, given that the A^ branes are D7-branes, located on top of the O 
fixed plane. Therefore for Dn singularities the gauge structure is completely 
captured perturbatively. In the strong coupling limit the same reasoning 
applies, but now the A" branes are NS-7B branes, located on top of the S- 
dual orientifold fixed planes, and the Chan-Paton factors are associated to 
open D-strings. At intermediate couplings the gauge groups are enhanced, 
essentially because it is necessary to consider different sheets to describe the 
7-branes, and then the same 7-brane can be seen as a different brane in 
another sheet, so that there can be open strings connecting them through 



complicated paths Eq] (see [29| for a description in terms of string junctions). 



4 The IIA KK8-brane 

The NS-7B brane predicts the existence of a new brane in Type IIA which can 
be obtained from it by T-duality. This brane is also related to the M9-brane 
as follows 1^. The effective action of a single M9-brane contains a gauged 
direction in its worldvolume p|, |10| in such a way that the field content is 



that of the nine dimensional vector multiplet. Reduction along this gauged 
direction gives the D8-brane effective action, whereas the reduction along the 
transverse direction gives the action of the NS-9A brane. There is a third 
possibility, namely the reduction along a worldvolume direction other than 
the Killing direction. This gives an 8-brane with a gauged direction in its 
worldvolume, inherited from the M9-brane, which we denote as a KK-8A 
brane. In the notation of it corresponds to the (7, 1^; 3) brane predicted 
by U-duality of M-theory on T^. The presence of this kind of 8-branes in the 
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background is the origin of the mass of the massive Type IIA supergravity 
that is obtained by reducing the massive eleven dimensional supergravity of 
3T| along a direction different from the Killing direction. 



As explained in ||31| it is necessary to introduce a Killing direction in 
order to formulate a massive supergravity in eleven dimensions. The theory 
is therefore not fully covariant and this is the way the no-go theorem of [S^ 



is circumvented. The origin of the mass is the presence of M9-branes in the 
background, which couple as well to the Killing vector in their worldvolumes. 
Romans massive supergravity is obtained by reducing along the Killing 
direction, therefore is fully covariant, with the presence of D8-branes in the 



background being the origin of the mass ||3J]. On the other hand, the re- 
duction along a direction different from the Killing direction gives rise to a 
non-covariant Type IIA supergravity, containing a Killing vector. The pres- 
ence of KK-8A branes in the background is the origin of the mass of this 
theory. 

Massive Type II nine dimensional supergravity is obtained by reducing 
Romans massive supergravity to nine dimensions, being the presence of D7- 



branes in the background the origin of its mass 0]. If instead one reduces 



the massive Type IIA supergravity with Killing direction and KK-8A branes 
along the Killing direction, one gets a massive 9 dim supergravity in which 
the mass is induced by the presence of NS-7B branes, T-dual to the KK-8A 
branes. This theory is S-dual to the massive nine dimensional supergravity 
coming from the reduction of Romans massive IIA supergravity, given that 
from the eleven dimensional point of view one is just interchanging the two 
compactified directions. In order to obtain a manifestly SL{2,R) invariant 
massive 9 dim supergravity, in which both D7 and NS-7B branes are present 
in the background, it is necessary to perform a generalized dimensional re- 



duction, as explained in |]T2 



One way to construct the action of the KK-8A brane is by dimensional 
reduction from the M9-brane. However only the kinetic term of the M9-brane 
effective action has been constructed in the literature |10|, |lT|. Therefore, in 
this section we derive the KK-8A brane effective action by performing a T- 
duality transformation in the NS-7B brane. The T-duality takes place along a 
transverse direction, which in the dual KK-8A brane plays the role of Killing 
direction. We interpret this direction as worldvolume because it is the one 
inherited from the M9-brane in the double dimensional reduction explained 
before. 
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The result is the following effective action: 

5kk8A = -Tkksa / rf'e e-3^|A;|3(l + e2^|A;|-2(z,C«)2)x 

(4.1) 

The kinetic term is very similar to that of the Type IIA KK-monopole (see 
|pO||), although now the factors in front of the square root have different 
powers. The covariant derivative is the usual one for KK-monopoles: 

DX'' = (9X^ + Ak^" (4.2) 

where k^d/dX^ = d/dz and z is the direction along which we T-dualized 
the NS-7B brane. Therefore this direction becomes a Killing direction after 
T-duality. The dependent gauge field is given, as usual, by: A = \k\~'^dX^k^. 
The field strengths JC^^^ and /C^^-* have the form: 



(4.3) 



/C(2) = 29^« + 2^(2,.C(3))-2/C«(DXCW), 
where to^^^ and lu^^^ arise from the T-duality transformations]^ 

c«' = -^«, z' = {2TTa')J'\ (4.4) 

and we also have 



7,(7) 



r = -/C(2) . (4.5) 
is T-dual to c*-^-* in ( p.2|) and plays the role of tension of the KK-8A 



brane. 

Finally, the WZ term reads: 



Note that w^^^ and d^-^^ (in (2.9)) have different gauge transformations. 
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(2) 



-70 



2C(3)(,^5(2)) + 3(zfeC(3))B(2)l (zfcC(3))(DXC«)9c^ 



,(0) 



+105DX^iZ}X'^2 5g)^^ [(^fcC(3))2/C(2) -4(27ra')'(5c^^'^)' 
-||(2vraOM5c.(o)(9..«)3 + |l(2vraO^T^^S3^g3).(/C(^))^} . 

(4.6) 

This Wess-Zumino 8-form comes from ( |3.2| ) after T-duahty along the trans- 
verse direction z. The T-duality transformation rule for the field C^^^ is: 



^fll...fl7Z 



i^kN('\....,, + 7(.,X(^))[,,..,,(C« - CP'-^) 



+35(Cf^J...^3 - 3Cf^J^^^^)C^|^},^^C<i'^) 



(4.7) 

where ikN^^^ is the gravitational field to which the KK-6A brane couples 
minimally (see ( |2.12| )), and: 



x(9)), 



This last relation defines a new field N^^^ (its gauge transformation rule can 
be found in the Appendix), which is electric-magnetic dual to the mass pa- 
rameter of the massive Type IIA supergravity that is obtained by reducing 
the massive eleven dimensional supergravity of ||31] along a direction different 
from the Killing direction (see the Conclusions). As we have seen this Killing 
direction is also present in the worldvolume of the KK-8A brane. The field 
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content of the KK-8A brane is that of the eight dimensional vector multi- 
plet, containing 1 vector field: uj^^\ and 2 scalars: cu^^^ and the transverse 
embedding scalar. 

To finish this section let us analyze the soliton solutions in the world- 
volume of the KK-8A brane. These can be derived by T-duality from the 
configurations involving the NS-7B brane, and also from the configurations 



associated to the M9-brane given in |36 



The 1-form cu^^^ couples to a 0-brane soliton originated by the config- 
uration (0|D2,KK8A). This is related by T-duality to (0|D1,NS7B) 
and by reduction to (1|M2,M9) This 1-brane soliton is how- 



ever realized as a 0-brane soliton in the effective nine dimensional 
worldvolume of the M9-brane, given that one of the worldvolume di- 
rections of the M2-brane is wrapped around the isometric direction. 
Reduction along an ordinary worldvolume direction of the M9-brane 
gives rise to (0|D2, KK8A). lu^-^^ also couples magnetically to a 4- 
brane soliton, associated to the configurations (4|NS5A, KK8A) and 
(4|D4,KK8A). The configuration (4|NS5A, KK8A) is related by T- 
duality to (4|NS5B, NS7B) and is obtained from the configuration 
(5|M5,M9), where the M5-brane is wrapped around the Killing direc- 
tion of the M9-brane. Therefore this soliton is realized as a 4-brane 
soliton in the nine dimensional worldvolume of the M9-brane. On the 
other hand, the configuration (4|D4, KK8A) is related by T-duality to 
(4|D5,NS7B) and it is also obtained from (5|M5,M9), with the M5 
embedded in the nine dimensional worldvolume of the M9-brane and 
the reduction taking place along a common worldvolume direction. 

The 0-form couples magnetically to the 5-brane soliton originated 
by the configuration (5|NS5A, KK8A), where the NS-5A brane is em- 
bedded in the KK-8A brane. This configuration also arises from the 
reduction of (5|M5, M9). It is related by T-duality to (5|KK5B, NS7B). 

The only physical embedding scalar can be associated to the boundary 
of a KK-6A brane, where we make coincide the isometries of both, the 
KK-6A and the KK-8A branes: (5|KK6A, KK8A). This configuration 
arises as the dimensional reduction of (5|MKK, M9) along a direction of 
the worldvolume of the M9-brane transversal to the MKK-monopole. 

Since the KK-8A brane has the interpretation of an 8-brane in 10 di- 
mensions, it is a domain wall, hence it is not expected to have a bound- 
ary. Thus we do not associate any physical meaning to the 7-form uj^'^\ 



24 



5 The IIB KK7-brane 

In this section we present the exphcit effective action of an exotic brane with 
two Kilhng isometrics. This brane is interpreted as a 7-brane in the Type 
IIB theory, and is non-perturbative in the same sense as the branes that 
we have discussed previously, since its tension also scales like e~'^'^ . It is 
related to the KK-6A brane by T-duality along a transverse direction and 
to the KK-8A brane by T-duality along a worldvolume direction. This last 
connection allows to interpret this brane as the one responsible for the mass of 
a massive 9 dimensional Type II supergravity containing a Killing direction. 
This theory should give rise to an 8 dimensional massive supergravity with 
no Killing directions. 

We construct the worldvolume effective action by performing a T-duality 
transformation in the KK-6A brane along a transverse coordinate. The 
derivation starting from the KK-8A brane will also be discussed at the end 
of the section. The result of these duality transformations is a brane with 

6 ordinary spatial directions and two gauged isometrics |12|, which in 
the notation of corresponds to the (6, 1^, 1^; 3) exotic brane predicted by 
U-duality of M-theory on an 8-torus. It has an effective tension: 

where Ri,R2 are the radii of the two Killing directions. We call this brane 
a KK-7B brane, since tracing back the origin of its two Killing directions we 
find that one has its origin in the isometry of the MKK monopole, which 
is interpreted as a transverse direction, whereas the second Killing direction 
has its origin in the isometry of the M9-brane, which is associated to a world- 
volume direction. Therefore, although this brane contains only six ordinary 
spatial directions, it is in fact interpreted as a 7-brane. 

Since the exact worldvolume effective action is rather complicated we have 
considered the case -B^^-* = C^^-* = 0. Starting with the effective action of 
the KK-6A brane we perform a T-duality transformation along a transverse 
direction different from its Taub-NUT direction. This direction becomes a 
Killing direction for the dual brane. Denoting h'^ the Killing vector associated 
to the new isometry the kinetic term in the dual effective action is given by: 



(5.1) 



^KK7B = -TKKTB/C^'e e-^^\h\\m - {k.h)^\x 

(5.2) 
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Here the covariant derivatives contain the two Kilhng vectors k'^ and h^: 

DX^" = dX^' + A^^^k" + A^'^^h^' , (5.3) 
and the two dependent gauge vector fields A^'^\ A^"^^ are defined a^: 

(1) _ h^kj - {k.h)hi (2) _ k'^hj - {k.h)ki 

' ~ k^h^ - {k.hf ' ' ~ k^h^ - {k.hf ' ^ ' 

IC^MK, is the SL(2,M)-invariant combination]^: 



with 

^(1) = dJ'^ , = . (5.6) 

The two scalar fields uj^^\ uj^^^ transform as a doublet under S-duality: 

(5.7) 

and arise in the T-duality transformation as: 

y' = (2W)a;W, 

(5.8) 

c(o)' = -cDW. 

Note that here y denotes the direction along which the T-duality takes place, 
and should not be mistaken with the eleventh direction in Section 2. Within 
M-theory, recalling that c^^^ (in the effective action of the KK-6A brane) is 
related through rescaling to the eleventh direction, we clearly see that the S- 
duality transformation of the two scalars cu^^\Cj^'^^ is induced from a modular 
transformation in the 2-torus. 
is given by: 

= 2dd^'^ + -^(ihtkC^^^) + 2(27ra')-^5^^°^5cD(°) , (5.9) 
and arises after T-duality as: 



^^In our notation: (k.h) = —g^vk^h^- 

-'^^This combination appeared already in the effective action of the Type IIB KK- 
monopole H , which behaves as a singlet under S-duality transformations. 
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7^(2)' = . (5.10) 
The Wess-Zumino term reads: 

HihikJ^^^'^)dCj^''^ - 6(2W)(ifeifeA^(^))9a;(o)9d;(o) - Q>{ikihN^''^)dS-^^ + 

+ 2^(ifeifcC(4)))] + 120(27ra')2M'^M'^M''(ifcC(4))^,pad(i)aa;WacD(o) 
+30(27rQ;')M''M^M''(ifcC(4))/,^p(i^ifcC(^))aa;(o)9a;(°) + 
+360(2W)3(9d(i))29a;(o)9cD(°)A(2) _ i2Q{2T:a'f A^^\dS-''^f] . 

(5.11) 

The new fields iV^^), A^^^), AT^^^, arise from the T-duahty of the fields N^^\ 
N^"^^ in the Type IIA theory. Namely, in our truncation: 

(^fe^^(')')m.../.7 = (^fc^fe^^('OMl...M. + 21(zfcZ/,AA(^))[^,..^,(zfeZ/,CW)^,^,] , 

Ml— W ■ 



Their gauge transformation rules can be found in the Appendix. 
Similarly: 



(5.12) 



-5(^.CW)[,,...,3(4^.C(^)),,,,] - mnC^'X,...,,^ 

(5.13) 

again in the same truncation. The field N'^''^ in the Type IIB theory is 
the electric-magnetic dual of the Killing vector considered as a 1-form. 
This field is the one to which the Type IIB Kaluza-Klein monopole couples 
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minimally, when is taken along the Taub-NUT direction. Its gauge trans- 
formation rule can be found in [Q. In the action of the KK-7B brane, with 
two Killing directions, there is another 7-form field, J\f^'^\ electric- magnetic 
dual of the second Killing vector, h^. Analogously A^'-^-* and A/"*-^-* must be 
the electric-magnetic duals of the two scalars k'^, h?. The field A^*^^'' is dual 
to a mass parameter, which should be the one of the nine dimensional Type 
II massive supergravity with a Killing isometry to which this 7-brane gives 
mass, o)^^-* is T-dual to uj^^'> in ( p.l2| ) and plays the role of tension of the 



Type IIB KK7-brane. 

The effective action of the KK-7B brane is manifestly invariant under the 
two local isometric transformations generated by fc^ and h^: 

^X" = -(r^^\^)k'' - a^^\Oh^ ■ (5.14) 

It is also easy to check that it is S-duality invariant. The fields A'"^^^ A^'^''^ and 
are S-self-dual whereas N^^\ J\f^^^ transform as a doublet. This can be 
deduced from their origin in eleven dimensions, where S-duality is realized 
as a modular transformation in T^. 

As we have mentioned before the KK-7B brane effective action can be 
derived as well from the KK-8A brane, by performing a T-duality transfor- 
mation along a worldvolume direction. In this case the T-duality mapping 
of the field strengths goes as follows: 

(5.15) 

This connection with the KK-8A brane shows that one of the two Killing 
directions should be interpreted as a worldvolume direction, given that from 
this calculation it is inherited from the worldvolume isometry of the KK-8A 
brane. 

The worldvolume fields present in the effective action describe soliton 
solutions in the worldvolume of the brane. In this case, with two gauged 
isometrics, the field strengths are of the form: 

;c(f-i) = {p- l)dJp-'^ + ^{thikC^"^'^) + ... (5.16) 

Therefore a (p — 2)-form in the worldvolume couples to a (p — 3)-brane soliton 
realized as the boundary of a p-brane wrapped around the two compact 
directions. We find the following soliton solutions in the worldvolume of the 
KK-7B brane: 



28 



• The 1-form rf*^^) couples to a 0-brane soliton originated by a D3-brane 
with two of its worldvolume directions wrapped around the Kilhng di- 
rections of the KK-7B brane: (0|D3, KK7B). This configuration is a 
singlet under S-duality and is related by T-duality to (0|D2, KK6A). A 
0-brane soliton can also originate by a {p, q) string wrapped around one 
of the Killing directions of the KK7B. The (0|D1, KK7B) configuration 
is related by T-duality to (0|D2,KK6A), whereas the (0|F1,KK7B) is 
related to (0|F1,KK6A). S-^^ also couples magnetically to a 3-brane 
soliton, realized as a (p, q) 5-brane wrapped around the two Killing 
directions of the KK7B-brane. These configurations are T-dual to 
(3|NS5A,KK6A) and (3|D4,KK6A). 

• The field strengths of the two scalars u'^'^'^ and Cj^^'^ involve the projection 
with the Killing vectors of the 2-forms C*^^-* and B^'^\ which we have 
not included. Accordingly, the doublet {uj^^\Cj'^'^'>) will couple to the 4- 
dimensional boundary of a (p, q) 5-brane which is wrapped around one 
of the Killing directions. T-duality relates these configurations with 
(4|D6,KK6A) and (4|KK5A, KK6A). 

• The embedding scalars are, as usual, associated to the boundary of 
other Type II KKp branes. However, the branes involved in this case 
are some of the exotic branes that we have not considered in this paper 
(see the Conclusions), so we will omit the explicit configurations. 

• We find as well a domain- wall type of soliton, realized as (5|KK5B, KK7B), 
coupled to Cj^^\ and T-dual to (5|NS5A, KK6A). 

6 M-Theory Interpretation 

In this section we study the KK6A and NS7B branes from the point of view 
of the M-theory Kaluza-Klein monopole solution, from which they can be 
derived through reduction and dualityQ. We are able to show that if one 
imposses an extra isometry in this solution then it can be written as a 2- 
torus bundle over a two dimensional transverse space and that a modular 
transformation in the torus can be undone by a change of coordinates in 
the transverse space. This symmetry allows to connect the KK6A with the 
D6 brane and the NS7B with the D7 brane. We discuss the consequences 
regarding the appearance of these branes in the spacetime supersymmetry 
algebras. 

^^We thank Chris Hull, who has also considered 7-brane solutions and their relations to 
M-theory, for a conversation on this point. 
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Our starting point is the MKK-monopole solution, which arises when at 
least one direction in spacetime is compact: 



d^ldKR — ^^l 1 ~ Tri^^ + ^ ■ ~ H{dx ■ dx) . (6.1) 

It represents a 6-brane in a four dimensional transverse space, where z is a 
Taub-NUT isometry direction and the function H is harmonic in the three 
dimensional space x = {xi,X2, x^) and is related to V by VH = V AV. This 
solution is magnetically charged under the Kaluza-Klein vector i^g, where k 
is the Killing vector associated to the isometry direction z and g denotes the 
spacetime metric. 

If we impose an additional isometry in the transverse space of the monopolef^ 
the harmonic function depends only on two of the three transversal coordi- 
nates, and we can gauge away two of the three components of the gauge 
vector V. We make the choice such that H = H{xi, X2) and V = (0, 0, V3), 
with V3 = V^i^Xi, X2). The monopole solution takes the form: 

dsMKK = dsli - j^\dz + {V3 + iH)dx3\^ - H{dxl + dxl) . (6.2) 

This metric can be interpreted as a torus-bundle over a 2-dimensional base 
space: 

ds\iKK — dsl I \dz + t{xi, X2)dx3\^ — Ft'i^dxl + dx^ (6.3) 

where the fiber is a 2-torus with real periodic coordinates {z^x^) ~ (2 + 
1, 0:3 + 1), a constant area modulus A, which can be introduced by rescaling 
z and xa, and a complex structure t = ti + iT2 = V3 + iH. This defines r 
as a holomorphic function on the base space Xi +ix2, or anti-holomorphic in 
X2 + ixi. Finally, = H is the scale parameter of the base space. Therefore 
the MKK-monopole solution can be written as the product of two spaces 
K^'^ X B, where B is the torus-bundle. 
The fibers have an SL{2,Z) symmetry: 

Notice that z and X3 are now both isometry directions, z is the Taub-NUT 
coordinate for a modulus r and X3 for a modulus — r~^. 
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This can be achieved by considering an infinite array of monopoles 
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The solution (|6.3| ), upon reduction over the torus fiber, has two wrapping 
modes, the D6-brane and the KK-6A brane. The D6-brane can be obtained 
by reducing over the coordinate z (re-absorbing A): 



(^^m = ^2 ^ d^l I — R^T2 ^ {dx\ + dxl) — T2 dxl , 



r2^ C« = rida;3. 



(6.5) 



On the other hand, the KK-6A brane is defined as the reduction over the 
coordinate 0:3. Taking z along the M-theory circle, the KK-6A brane solution 
is given by [O: 



dslK.A = ij^)-'^dsl,-R\j^)-Hdxl + dxl)-{j^)-^dxl 

(6.6) 

= (^)-^ C« = -^da:3, 

and is such that it is related to the D6-brane solution (|6.5| ) by the transfor- 
mation of the fiber-modulus: 

r^--. (6.7) 

r 

The coordinate transformation in the base space (xi, X2) {yi, 1/2), where 

d{y2 + Wi) = rd{x2 + ixi) , (6.8) 

yields T2/\t\'^ as a harmonic function in {yi,y2) such that the KK-6A brane 
solution takes exactly the same form as the D6-brane. Therefore the modular 
transformation r — >■ — 1/r relating the two 6-brane solutions is equivalent to 
a coordinate transformation in the base space. This transformation connects 
two points of the base with fibers S-dual to each other and therefore estab- 
lishes the equivalence between the two 6-brane solutions. This is the reason 
why the D6-brane and the KK-6A brane do not have associated independent 
central charges in the Type JIB spacetime supersymmetry algebra. 

In the limit A — > 0, the MKK-monopole solution ( |6.3| ) yields the D7- 
brane solution with A = — f. Considering the compactification with a fiber 
modulus — r^^ one obtains the NS-7B brane with A = f^^. In particular the 
7-brane solutions ( p.31|) and (|3.33| ) correspond to the following choice of r as 



a section of the base space (xi,X2) 



rm = -^log(x2 - ixi) , tnsjb = — — ■ (6.9) 
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They can be written using the parameters of the torus-bundle ( |6.3| ) . For the 
D7-brane we have: 



dSD7 = ^2 ^ ('^■56,1 ~ dxl) - R^T2 ^ {dx\ + dzf) 

and for the NS-7B brane: 



(6.10) 



(6.11) 



T2 



The base space becomes the transverse space of the 7-branes upon compact- 
ification and the S-duahty relation between the two branes can be traced 
back to the properties of the MKK-monopole interpreted as a torus-bundle. 
Namely, as we have seen above, the S-duality mapping is just a gauge sym- 
metry in the M-theory solution, in the sense that a coordinate transforma- 
tion undoes the effect of the S-duality transformation. Thus, a coordinate 
transformation in the space transversal to the 7-branes relates both 7-brane 
solutions. As for the D6, KK6A brane solutions, this provides an explanation 
for the fact that the D7 and the NS-7B branes do not appear as independent 
branes in the Type IIB spacetime supersymmetry algebra. 

The finite energy 7-brane solution of |T^ is obtained from the monopole 



solution ( |6.3|) by taking the modulus of the torus-bundle as: 

J{r) = ^—, (6.12) 

Xi + 1X2 

such that we identify all solutions related by a modular transformation in 
the sections. This defines holomorphic function, and yields the D7 

(NS7B) brane solution in the weak (strong) coupling limit^. 

If we now impose one extra isometry in the harmonic function H, H = 
H{xi), it is not possible to eliminate completely the dependence of the metric 
( |6.3| ) on the coordinate X2, since according to the relation between H and V, 
V3 has to be a function of X2 f^- A particular type of this class of configura- 
tions has been interpreted in as the compactification of M-theory giving 
rise to massive Type IIA string theoryP^ 

j[ 

ds\iKK = '^'^6,1 ~ R^{dxl + dx\) — —\dz + {mx2 + iH)dx3\'^ . (6.13) 



After a tt/2 rotation in the base space. 
^^See 1^ for a discussion about this point. 

"'^'^In this reference this solution was interpreted as an M9-brane. However, we see here 
that it is just a Kaluza-Klein monopole with one extra isometry. 
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This solution is obtained from ( |6.3| ) with the ansatz: r = 171x2 + iH{xi). We 
have substituted T2 = H to make more clear the connection with the solution 
in The condition VH = V A fixes H{xi) = m|a;i| + const, so that 
(|6.13| ) represents a domain-wall at Xi = with two different bundles at each 



side of the wall. 

The limit A ^ yields the Scherk-Schwarz reduction of the Type IIB 
theory with A = — f(xi,X2) as ansatz for the axion-dilaton modulus. Taking 
the limit i? — as well, one obtains the T-dual theory, which is massive 
Type IIA string theory. Thus in order to obtain a D8-brane solution from 
one requires a bundle B with monodromy 

(6.14) 

in the zero volume limit A — > 0, -R ^ 0. From the point of view of F-theory, 
the Scherk-Schwarz reduction of Type IIB is a compactification on the 2- 
torus bundle over the circle in the X2 direction (with H depending on the 
other transverse direction xi) for fixed area A |P7|| . 

We know that T-duality along a transverse direction on the D7-brane 
gives the D8-brane . This relation is also called massive T-duality and its 




precise form is given by the kind of Scherk-Schwarz reduction that is taken in 
the Type IIB side. This is determined by the monodromy ( |6.14| ) of the bundle 
B, so that it is possible to perform general Scherk-Schwarz reductions with 



a monodromy matrix spanning the whole SL{2, Z) [12|. These are related by 
T-duality to different massive modifications of the Type IIA theory. 

If we perform a T-duality transformation in the direction X2 transversal 
to the D7-brane, we obtain a D8-brane solution of the form 

dsD8 = ^2 ^ (dsj I — R^'^T2dxl) — R^T2 dx\ , 



(6.15) 

i?-V2~* , = (ri - mx2)dx2 . 



3 



For the T-duality the harmonic function H must be taken as a function linear 
on Xi, hence ti = V3 must be linear in X2- We choose H = m|xi| + const and 
V3 = mx2, and therefore C-^-* = 0. 

Similarly, one can consider the T-duality of the NS-7B brane. However, 
the metric associated to this solution depends, through the modulus of r, on 
the X2 coordinate in which we are performing the T-duality transformation. 
Therefore we need to use the generalized Buscher T-duality rules derived in 



T2I, which allow to treat this case. The result is the KK-8A brane IIT2|: 
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^^"kksa ~ '''2 {d-Sj i — R ^dx"^) — R'^r-^dxl , 

(6.16) 
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= R-W^^ , C(^) = . 

Both solutions, the D8 and the KK-8A branes, can be obtained from the M9- 
brane solution of |1^0 by dimensional reduction. We can interpret this M9- 
brane as a torus-bundle over the one-dimensional transverse space spanned 
by xi: 

dsljg = R^dsji - R~^^T2^\dz + T{xi)dx2\'^ - R^dxl , (6.17) 

with fiber-modulus t{xi) = iH{xi) and R^ = H. In this case the area of 
the torus is also a function of Xi. Reducing along z we recover the D8-brane 
solution whereas the reduction along X2 gives the KK-8A brane solution. The 
relation between this two reductions is an S-transformation of the section r. 
Analogously to the MKK-monopole solution, this modular transformation 
can be undone by a change of coordinates in the transverse space. First, let 
us rescale the metric so that ds\fg takes the form: 

R~^ 

dsljQ = ds^ 1 \dz + Tdx2\'^ — R^dx\ . (6.18) 

r2 

In this form it is clear that the area of the torus A = R~^, and therefore it 
is a function of Xi. The modular transformation T2 can be generated 

by the change of coordinates: 

dxi T2dxi , dz T2^dz , dx2 T2^dX2 ■ (6.19) 

We see that in this case it is also necessary to perform a change of coordinates 
in the torus metric, due to the dependence of its area on the transverse di- 
rection. Thus, a coordinate transformation relates the two 8-brane solutions, 
from where we can conclude that they represent the same physical object 
and therefore should have associated a single central charge in the Type IIA 
spacetime supersymmetry algebra. 

Notice that in ( |6.15D the most general solution compatible with Vif = 



V A y corresponds in fact to V3 = mx2 + c, with c = constant, which gives 
a D8-brane with C*^^-* = cdx2- This is indeed a solution to the massive 
IIA supergravity, and is related by dimensional reduction to a non-diagonal 
M9-brane solution. This non-diagonal M9-brane has the same form as in 
(|6.17| ) but with fiber- modulus t = c + iH{xi). Moreover, it can be obtained 



i^We take e = -1. 
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from ( |6.17| ) by means of a T-transformation of the section, which induces a 
constant real part for r. This defines a 1-parameter family of (non-diagonal) 
M9-branes interpreted as a torus-bundle over the one dimensional transverse 
space. Furthermore, it is easy to check that the non-diagonal M9-brane can 
be reduced to the usual diagonal one by redefining the z coordinate. Thus it 



is also a solution of the massive 11- dimensional supergravity of [31 



The dimensional reduction of a non-diagonal M9-brane, with r = c + iH, 
gives rise to a D8-brane with C^^^ = cdx2, and to a KK-8A brane: 



(6.20) 

This solution could be obtained as well by applying the massive T-duality 
rules of [jl2| to the NS-7B brane solution (|6.11|) with ri = 171x2 + c and 



T2 = H. It is related to the D8-brane solution with C'-^-' = cdx2 by an 
S-transformation of the section t = c + iH. 



7 Conclusions 

We have constructed the worldvolume effective action associated to the NS- 
7B brane and checked that it transforms as an SL{2, Z) triplet together with 
the D 7- brane. The third field entering in this triplet transformation is the 
electric-magnetic dual of the dilaton, which however does not have associ- 
ated an independent 7-brane solution: the D7 and NS-7B brane solutions 
themselves are the ones carrying charge with respect to this field. We have 
clarified why the NS-7B brane does not appear in the Type IIB spacetime 
supersymmetry algebra. From one point of view this brane is charged with 
respect to a field which is a combination of the duals of the axion and dilaton 
(with coefficients depending as well on the axion and dilaton), and therefore 
is not an independent field in the theory. This function is however non-local 
and this is why this field has to be introduced in the S-duality transformation 
rule. 

From another point of view we have also shown that the D7 and NS7B 
brane solutions and the D6 and KK-6A brane solutions are related by a 
coordinate transformation in the two dimensional transverse space which 
amounts to choosing a different region to parametrize the SL{2,Z) moduli 
space. This provides further evidence for the fact that both 7-branes and 6- 
branes represent the same physical object. A similar kind of transformation 
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relates the D8 and KK-8A brane solutions, in this case in the one dimensional 
transverse space. 
The relation 

dC-^s) = + |ApdC(«) , (7.1) 

between the field to which the NS-7B brane couples minimally and the duals 
of the axion and dilaton translates under T-duality into relationships between 
the fields to which the KK-6A and KK-8A branes couple minimally and the 
C(^), ^(9) RR fields of the Type IIA theory. Namely: 

d(z,Ar(8)) ^ - [{luC^'^f + e-'^e]dC^'^ (7.2) 

and: 



d{ikN^^^) = {ikC^^^)d{ikB^'^) - [{ikC^^^f + e-2<^fc2]d(^,C(9)) . (7.3) 

The first expression gives a relation between the field ikN^^\ to which the 
KK-6A brane couples minimally, the RR 7-form and the T-dual of B^^\ which 
we have assumed to be again an 8-form: E^^)' = E^^) This 8-form 
in the Type IIA theory can be given some interpretation in connection to 
the M8-brane of |^ |^. This BPS 8-brane solution of M-theory is required 
by U-duality of M-theory on T*, but is however not predicted by the M- 
theory spacetime supersymmetry algebra. An 8-brane in M-theory requires 
the existence of a 9-form potential to which it couples minimally. If we 
assume that the eleven dimensional background contains an isometry (say 
in the direction z), along which we reduce to go to the Type IIA theory, 
this 9-form potential could be the electric-magnetic dual of the component 
of the metric Qzz- Then the 9-form would be interpreted as the dual of the 
dilaton at strong coupling. When reducing to ten dimensions it would give 
rise to a 9-form and an 8-form, which would have associated an 8-brane and 
a 7-brane respectively. The 8-form could be the B^^^ field above and the 
9-form the B^^^ field that appears in ( |7.3| ), and which comes as well from 
the T-duality of the field S^^) of the Type IIB theory: Sg^ ^^ = 5g) .^3,. 
These two fields can be interpreted in the Type IIA theory as the dual of 
the dilaton, for B^^\ and the dual of a mass parameter, for B^^\ A 7-brane 
and an 8-brane associated to these fields are however not predicted by the 
Type IIA spacetime supersymmetry algebra. It is unclear to us at this point 
why this happens. One possibility is that it is the D6, KK6A and D8, KK8A 
branes themselves the ones carrying charge with respect to the fields i/t-B*-*^ 
and B^^^ respectively, as happens with the 7-branes and the B^^^ field in the 
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Type IIB theory. The two relations ( |7^ ) ( |7.3| ) suggest that the fields to which 
the KK-6A and the KK-8A branes couple are not independent fields in the 
theory, and this would explain why these branes do not appear in the Type 
IIA spacetime supersymmetry algebra. One way to clarify further this issue 
would be to analyze the equations of motion associated to the fields involved 
in these relations, i.e. the RR 1-form, the dilaton and the k"^ field, to elucidate 
which are the independent dual potentials in the theory. We hope to report 
progress in this direction in the near future. Finally, T-duality in ( |7.2| ) also 
establishes a relationship between the field (ikihN^^^) to which the KK-7B 
brane couples minimally and ihC^^^ (in the truncation B^'^^ = C'-^^ = 0). As 
before, this could be the reason for the non-occurrence of the KK-7B brane 
in the Type IIB spacetime supersymmetry algebra. 

There are other exotic branes required to fill up multiplets of BPS states 
of M-theory on T'^ for d > 8 which we have not considered in this paper 
05 05 S El- Some of them are very simply related to the branes that we 
have studied, and we have indeed checked that the duality relations that 
we mention below hold with the worldvolume effective actions that we have 
constructed. For instance T-duality of the KK-6A brane along a worldvolume 
direction gives a 5-brane in Type IIB with two Killing isometrics, which in 
the notation of corresponds to the (5, 2^; 3)-brane. This brane forms an 
S-duality doublet with the (5, 2^; 2)-brane obtained by T-duality of the Type 
IIA KK-monopole along a transverse direction. Similarly, T-duality of the 
KK-8A brane along the transverse direction gives a 7-brane in Type IIB 
with two Killing directions, which in the notation of corresponds to a 
(7, 2^; 3) brane. This brane forms an S-duality doublet with the (7, 2^; 4) 
brane obtained from T-duality of the NS-9A brane along a worldvolume 
direction Therefore in this case the two Killing directions are interpreted 
as worldvolume directions, and the brane as a 9-brane. 

NS-9A branes seem to play a role in the description of the Heterotic 
Eg X i?8 as a non-perturbative orientifold of the Type IIA theory In 
this description the gauge group arises in the form of Chan-Paton factors of 
(dimensionally reduced) open M2-branes ending on the 8 (+8) M9-branes 
which are positioned on top of the two orientifold fixed-planes, associated to 
the /lo^Af symmetry of M-theory (here /lo is the inversion of the eleventh 
direction and Qm reverses the sign of the three form of eleven dimensional 
supergravity) . In this description Qm is interpreted as the worldvolume op- 
eration reversing one of the spatial directions of the M2-brane. A T-duality 
transformation (along a worldvolume direction) in this construction seems 
to indicate that the Heterotic SO (32) could be obtained as an orientifold of 
F-theory on divided by the symmetry IiQ^uQp, with Qp = TQmT~^ (T 
denotes the T-duality transformation). T-duality predicts that the (7, 2^; 4)- 
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branes above would be the ones responsible for the gauge structure. It would 
be interesting to explore this connection in more detail and see in particular 
how the Qp symmetry could be defined on the F-theory side. 
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A Appendix 

In this section we give the gauge transformation rules of the new fields that 
couple to the effective actions of the branes considered in the paper. The 



notation is that of [|14|, where the transformation rules of the fields coupled 



to Dp-branes, NS5-branes and Kaluza-Klein monopoles can also be found. 

• The field to which the KK-6A brane couples minimally transforms as: 

S{ikN(^^) = 7 {d{ikn('^) - 159(zfcA)(zfcC(3)) + 30aA(2)(z;,C(3))2 
-20C(3)(^fcC(3))9(«feA(2)) - (^fcAr(7))9AW} . 

(A.l) 

• The field ikN^^^ coupled to the KK-8A brane transforms as: 
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5(^,iV(9)) = 8 + 2ia(z,S(6)) + 2(2fc5(2))(MC(i) 

+105a(^fcA(4))(^fcC(3)) +4(«fc5(2))(DXC«) 
+315(ifcC(3))25(4A(2))DXM5(2) 
+ ^(zfcC(3))9(zfcA(2))i?(2)(z,i?(2))pxC«) 

-(27ra') [ifcAr(s) ^ 7(^fcAr(^))(DXC(i)) + 35MDXDXC(3)(4C(3))2 

+70 (2C(3)(^,B(2)) + 3(zfcC(3))5(2)) (^fcC(3))(DXC(i))] 5(^feA)} . 

(A.2) 

• In the KK-7B brane (ihikN^^'^) transforms as: 

(5(z,^fcAr(9)) = 7{a(2,^fc(^(«)) + 6(2,^,Ar(7))9(^,2fcA(3)) 

-159(^,A(3))(z,z,CW)2 + 109(z,ZfcA(3))(^,C(4))(^,z,CW)} . 

(A.3) 

This is the correct gauge transformation rule in the truncation B^"^^ = 
C^"^^ = 0. Also, in this truncation: 

(A.4) 

iV(9), iV(8), A/-(8) are now 9- and 8-forms in the Type IIB theory. 
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